Lecture 5: Curvature, Convexity, and Separation

Lecture 4 used a linear map to approximate a differentiable function near a point. In the
one-variable case, we saw that

f(xo +h) = f(xo) + f'(x0)h.

In this lecture we are interested in the curvature of a function, which is described by a
second-order approximation. In the one-variable case, if f is twice continuously differentiable
near xg, the second-order Taylor approximation adds a quadratic term:

P+ 1) % f(wo) + (o) + 5 (o) 2

When f’(z¢) = 0, the linear term vanishes, so first-order information does not tell us whether
the graph bends upward or downward. The sign of f”(z¢) does. In several variables, the Hessian

Hj generalizes f”(x¢), and the quadratic term becomes %hTHf(xo)h.

1 Second-order approximation and curvature

1.1 Hessians and local quadratic models

Definition 1.1 (C? function). Let U C R™ be open. A function f: U — Ris C? on U, or twice
continuously differentiable on U, if each first partial derivative df/0x; is C! on U. Equivalently,
all second partial derivatives of f exist and are continuous on U.

Definition 1.2 (Hessian). Let U C R™ be open and let f : U — R be differentiable. If the
gradient Vf : U — R" is differentiable at x € U, the Hessian of f at = is the Jacobian of its
gradient,

Hy(z) = D(Vf)().

It is the n x n matrix whose (i, j) entry is

(Hy(x)),; = 8(; (gi) ().

Example 1.3 (Computing a Hessian). Let f : R? — R be given by

flx1,20) = z%:cg.

Vfz) = (23512372) :

]

In Lecture 4 we computed

The Hessian is the Jacobian of the gradient, so

21‘2 2.%‘1
Hy(x) = <2x1 0 >



Theorem 1.4 (Equality of mixed partials). Let U C R™ be open and let f : U — R be C2.

Then
o (of 0 (of
dx; (a’ﬂz) (=) = o <5%> (@)

for every x € U and every i,j. Thus Hy(x) is symmetric.

We use this result without proof. Importantly, it requires continuity of the second partial
derivatives.

Theorem 1.5 (Second-order Taylor expansion). Let U C R" be open, let f : U — R be C2, and
let xyg € U. For changes h such that o + th € U for every t € [0,1],

[7(R)]
s

f(xo+h) = f(xo) + Vf(xo) -h—i—%hTHf(xo)h—i—r(h), —0 ash—0. (1)

We use this result without proof. It has exactly the form of the linear approximation in
Lecture 4, with one additional term. The expression

f(ao) + Vf(xzo) - h+ %hTHf(azo)h

is the quadratic approzimation to f(xo-+h). The first-order approximation stops after the linear
term and has a remainder negligible relative to ||h||. The second-order approximation keeps the
quadratic term and has a remainder negligible relative to ||h|%.

1.2 Quadratic forms and their shapes

The quadratic term of the Taylor approximation has the form " Az. We next study expressions
of this form, called quadratic forms. They are essentially quadratic polynomials in several
variables. Like quadratic functions in one dimension, quadratic forms have a constant Hessian.
That allows us to characterize all possible types of curvature in terms of the sign of the quadratic
form.

Definition 1.6 (Quadratic form). Let A be a symmetric n X n matrix. The function
Qualz) =2 Az, z € R",
is the quadratic form associated with A.

The restriction to symmetric matrices is without loss of generality. That is, if a quadratic
form is associated with a nonsymmetric matrix B, then the same quadratic form is associated
with a symmetric matrix B = (B + BT)/2.

Next, the Hessian of Q4 = 2 Az equals 24. To see this, observe that

n n
Qalx) =)  ayw;,
i=1 j=1

so, using the symmetry a;; = aj;, the kth component of the gradient and the (k,1) second partial

are
0QA 1y _ 9N g O (0Qa
Bxk (1‘) - Q;ijxm 8%[ <6xk

> (z) = 2az.



In matrix form, VQa(z) = 2Az and
Hq,(z) = 24,

which indeed does not depend on .
The sign of " Az (which is a scalar) describes the possible shapes of the curvature of the
quadratic form in R™.

Definition 1.7 (Definiteness). Let A be a symmetric n X n matrix.

Ais positive definite <= a' Az >0 for every x # 0,
A is positive semidefinite <= x' Az >0 for every =,

A is negative definite <= x' Az <0 for every x # 0,
A is negative semidefinite << ' Az <0 for every .

The matrix is indefinite if its quadratic form takes both positive and negative values.

(a) positive definite: (b) negative definite: (c) positive (d) indefinite:
z3 + 23 —z3 — 3 semidefinite: 2 — 23
2
X1

Figure 1.1: Four representative quadratic forms in two variables. The light blue surface is the
graph of @) over a square around the origin; the two thick curves show the values of @) along the
r1-axis and along the xo-axis.

To read the pictures, fix a direction v # 0 and move through the origin along the line tv.
Along this line, the quadratic form becomes the one-variable function ¢, (t) = Q4(tv) = t2v ' Av,
a parabola through the origin with second derivative

"(t) = 20" Av.

The sign of v' Av therefore tells us whether this slice bends upward, bends downward, or is
flat. Thus definiteness describes every one-dimensional slice through the origin. Positive defi-
nite means that every nonzero-direction slice bends upward, so the origin is the unique global
minimum; negative definite means that every such slice bends downward, so the origin is the
unique global maximum. A positive semidefinite form may be flat in some directions, while an
indefinite form bends upward in some directions and downward in others, so the origin is neither
a maximum nor a minimum. These are exactly the shapes in Figure 1.1.



1.3 Computational tests for definiteness

Checking definiteness of a matrix A using the definition in Definition 1.7 requires evaluating
x| Az for every nonzero z € R”; that is not very practical.

Instead, this section introduces two types of tests that are easier to apply. The first uses
eigenvalues, and the second uses determinants of submatrices.

For a diagonal matrix

M O - 0

0 X --- 0
D= . . . . )

0 0 - M\

the check is immediate:

x Dx = >\1$% + )\2:1:% 4+ )\nxi,
a sum of squares weighted by the diagonal entries. If every A\; > 0, the sum is positive for
every x # 0, so D is positive definite; if every A; > 0, the sum is nonnegative, so D is positive
semidefinite; the negative cases flip the inequalities. If some A; > 0 > A;, then eZTDei =X\>0
and e;»rDej = )\; <0, so D is indefinite. The definiteness of a diagonal matrix is thus decided
by the signs of its diagonal entries.

Recall the diagonalization theorem of Lecture 3: a matrix A with n independent eigenvectors
can be written as A = PDP~!, where the columns of P are the eigenvectors and D is the
diagonal matrix of the corresponding eigenvalues; we also noted, without proof, that symmetric
matrices always have n independent eigenvectors. For symmetric matrices slightly more is true:
the eigenvectors can be chosen so that P~! = PT — such a P is called orthogonal — and the
factorization becomes A = PDP'. This refinement is the spectral theorem, which we again use
without proof. It reduces any symmetric matrix to the diagonal case: changing variables to
z = P"x turns 2" Az into 2" Dz, and the diagonal computation above applies. This gives the
first test.

Theorem 1.8 (Eigenvalue test). Let A be a symmetric n x n matriz. Then

A is positive definite <=  every eigenvalue of A is positive,
A is positive semidefinite <=  every eigenvalue of A is nonnegative,
A is negative definite <=  every eigenvalue of A is negative,

A is negative semidefinite <=  every eigenvalue of A is nonpositive.

The matriz is indefinite if and only if it has eigenvalues of both signs.

Proof (optional). By the spectral theorem, write A = PDPT with D = diag(\1,...,\,) and P
orthogonal, and put z = P'z. Then

n
2" Az =2 "PDP'x=2"Dz= Z ;22

i=1
Since P is orthogonal, z = Pz, so x = 0 if and only if z = 0, and as = ranges over R" so does
z. The quantity =" Az therefore has the same range of signs as > A\iz? over all z. That sum
is positive for every z # 0 exactly when every A; > 0: the “if” direction is immediate, and
taking z = e; gives )\; itself, which forces the “only if” direction. The other three cases are the
same argument with the inequality changed, and the indefinite case follows by taking z = e; for
eigenvalues of each sign. O



The second test requires no eigenvalues. Instead, it looks at the signs of the determinants of
certain submatrices of A.

Definition 1.9 (Principal minors). Let A be an n x n matrix. For a nonempty index set
I C{1,...,n}, let A; be the square matrix obtained by retaining the rows and columns whose
indices belong to I. The determinant det A; is a principal minor of order k when I contains k
indices. The minors

Ap = det A{l,...,k}v k=1,...,n,
are the leading principal minors of A.

In general, a minor of A is the determinant of a submatrix obtained by retaining some rows
and some columns; a minor is principal when the retained row and column index sets are the
same set /. For example, for a 3 x 3 matrix A = (a;;), the index set I = {1, 3} retains rows 1,3

and columns 1, 3:
ail a13
A = ,
{13} (a31 a33>

and det Ay 3y is a principal minor of order 2. Counting nonempty index sets, A has 25 _1=7
principal minors. The three leading ones come from the sets {1}, {1,2}, and {1,2,3}, so they
grow from the top-left corner:

AL =ay, Ay =det (‘“1 ‘“2) . Ag=det A.
a1 a2

Definiteness can be read off the signs of these minors.

Theorem 1.10 (Principal-minor tests). Let A be a symmetric n x n matriz, and let Ay, ..., A,
be its leading principal minors.

1. A is positive definite if and only if A > 0 for every k=1,...,n.
2. A is negative definite if and only if (—1)FAy, > 0 for every k =1,...,n.
3. A is positive semidefinite if and only if every principal minor of A is nonnegative.

4. A is negative semidefinite if and only if every principal minor of order k has sign satisfying

(—1)k det Ay > 0.

We use this result without proof. The first two parts are commonly called Sylvester’s crite-
rion. Notice the difference between the definite and semidefinite cases: definite matrices require
only the n leading principal minors, while semidefinite matrices require all 2" — 1 nonempty
principal minors.

Example 1.11 (The 2 x 2 tests). Let



Its leading principal minors are a and ac — b?, while all of its principal minors are a, ¢, and
ac — b?. Therefore

A is positive definite a>0and ac—b% >0,
a<0andacfb2>0,
a>0, ¢>0, and ac—b2207

a<0, ¢<0, and ac — b% > 0.

A is negative definite

A is positive semidefinite

rout

A is negative semidefinite

For the positive-definite case, the first line can also be seen directly by completing the square
(possible whenever a # 0):

ac—b*
x5.

b 2
' Az =a (ajl + CL’Q) +
a a

If @ > 0 and ac — b*> > 0, both coefficients are positive. Conversely, if A is positive definite,
evaluating at = = e; gives a > 0, and evaluating at « = (—b/a,1)" gives (ac — b?)/a > 0.

The next example shows why the semidefinite tests need more than just the leading minors.

Example 1.12 (Weak leading-minor inequalities are insufficient). Let A = diag(0,—1). Its
leading minors satisfy A; = Ay = 0, but the principal minor indexed by I = {2} is —1. Thus
weak inequalities on the leading minors alone do not establish positive semidefiniteness. The
missing principal minor detects the negative direction es, along which e;— Aeg = —1.

Example 1.13 (A three-variable quadratic form). Let @ : R> — R be given by

Q(x1, 12, 23) = _CU% - x% — 1’523 + 2122 + T2x3.
Its Hessian is
-2 1 0
Hg = 1 -2 1|,
0 1 -2

whose leading principal minors are
A= -2, Ay =3, Az = —4.

Thus (—1)*Ay, equals 2, 3, and 4, respectively, so by Theorem 1.10 Hg is negative definite. This
establishes negative definiteness without computing any eigenvalues.

The tests apply equally when the Hessian entries are not constant.

Example 1.14 (A varying Hessian). Let f : R — R be given by f(z1,22) = logz1 + log xa.
Differentiating twice,
_(—1/2? 0
i) = (707 ).

which is diagonal with negative entries and hence negative definite at every x, by Theorem 1.8.
The Hessian varies with x, but its definiteness does not.

In the last example of this section, definiteness depends on a parameter.



Example 1.15 (An interaction term). Fix b € R? and v € R, and define ¢ : R> — R by
q(x)=b-x — (95% + yriTe + :z:%)

Here H, is constant. Direct differentiation gives

_ (2 —v
Hq_(_7 _2).

The leading principal minors are —2 and 4 — v2. Therefore Theorem 1.10 shows that H, is
negative definite when |y| < 2. When |y| = 2, its two order-one principal minors are negative
and its determinant is zero, so it is negative semidefinite. When |y| > 2, its determinant is
negative, so it is indefinite: symmetry makes both eigenvalues real, and their negative product
forces them to have opposite signs. The interaction term can therefore preserve, flatten, or
overturn the downward curvature of the two squared terms.

At this point two exact tests are available: definiteness can be read off the signs of the
eigenvalues (Theorem 1.8) or off the signs of the principal minors (Theorem 1.10). Often a full
classification is unnecessary, and a cheaper observation settles the question. Table 1.1 collects
these quick checks for the negative case; reversing every sign gives the positive case. A necessary
condition can rule the property out but never establishes it.

Check Verdict

a;; < 0 for every 4 necessary for negative semidefiniteness, not sufficient
ay < 0 for every ¢ necessary for negative definiteness, not sufficient
(—1)kAy > 0 for every k necessary for negative semidefiniteness, not sufficient
(—1)kA > 0 for every k equivalent to negative definiteness

some z has ' Az > 0 counterexample to negative semidefiniteness

some  # 0 has ' Az =0 counterexample to negative definiteness

negative semidefinite and det A # 0  sufficient for negative definiteness

Table 1.1: Quick checks for a symmetric matrix A with entries a;; and leading principal minors
Ay.

The diagonal checks follow by evaluating the quadratic form at the coordinate vectors, since
eiTAeZ- = a4. The reverse is not true in the first three rows: for example, (31 _21) passes both
diagonal checks yet is indefinite. The last row follows from the eigenvalue test: the eigenvalues
are nonpositive and their product det A is nonzero, so all of them are negative.

2 Convex sets and concave functions

2.1 Convex sets and preservation

The Hessian and Taylor expansion describe a function near one point. Turning their curvature
information into a statement about the function everywhere requires moving between arbitrary
points along the segment joining them. The domain must contain that segment.



Definition 2.1 (Convex combination and convex set). Let x,y € R™.

o A convex combination of x and y is a point
(1 -tz + ty, t €10,1],
and the set of all of them is the line segment joining x and y.

o A set C CR"is convex if

(1—t)x+tye C  for every x,y € C and every t € [0, 1].

At t = 0 the combination is z and at ¢ = 1 it is ¥, so a set is convex exactly when the segment
joining any two of its points stays inside it. For example, R” itself, every affine subspace,
every halfspace {z : a -z < c}, and the orthants R’} and R’} are convex. The unit circle
{x € R? : ||z|| = 1} is not: it contains e; and —e; but not their midpoint 0. Figure 2.1 shows
the definition in R?.

(a) convex (b) not convex

Figure 2.1: The set on the left is convex: for any two points in the set, the segment joining them
is inside the set. The right is not convex: the segment joining the marked points x and y is not
entirely in the set.

Rather than verify Definition 2.1 for each new set, it is usually quicker to build the set out
of convex pieces. An affine map T : R™ — R™ has the form T'(x) = Az + b for an m x n matrix
A and a vector b € R™.

Theorem 2.2 (Preservation rules). The following constructions preserve converity.
1. The intersection of any collection of convex sets is conver.
2. The Cartesian product of convex sets is convez.
3. The image of a conver set under an affine map is convex.
4. The inverse image of a convez set under an affine map is convex.

Proof (optional). Intersections. Let C = (1), Cs with each C, convex, and let z,y € C and
t € [0,1]. For each @ both z and y lie in Cy, so Definition 2.1 puts (1 — ¢)z + ty in C,. Being
in every C,, it lies in C.

Products. Convex combinations in a product are taken coordinate block by coordinate block,
so the claim follows by applying Definition 2.1 in each factor.



Affine maps. Let T(x) = Az + b. Expanding, and recombining the two copies of b as
(1= t)b+ tb,

T(1—t)z+ty) = A((L—t)z +ty) +b= (1 - )T (x) + tT(y), (2)

so T carries the segment joining = and y onto the segment joining 7'(z) and T'(y). If C is convex,
(2) exhibits every point between T'(x) and T'(y) as the image of a point of C, so T'(C) is convex.
If D is convex and x,y € T~Y(D), then (2) puts T((1 —t)z + ty) between T'(z) and T(y), hence
in D. 0

A useful consequence of the preservation rules: any finite list of linear equalities and inequal-
ities defines a convex set. The example below shows why.

Example 2.3 (Linear restrictions define a convex set). Let A be m x n, let B be p x n, and let
b e R™ and c € RP. The set

C={xeR": Az < b, Bx =c}

is convex, where the inequality is coordinatewise. Each row of these restrictions has the form
a-x=dora-x <dfor some a € R" and d € R. The set each restriction defines is the inverse
image of the convex set {d} or (—oo, d] under the affine map = — a - z. Part (4) of Theorem 2.2
makes each restriction convex, and part (1) makes their intersection C' convex.

2.2 Concavity and superlevel sets

Convexity of a set says that its line segments stay in the domain. Concavity then compares the
height of a function along those same segments.

Definition 2.4 (Concave and convex functions). Let C' C R™ be convex and let f: C' — R.

e fis concave if

A=tz +ty) > (1—t)f(z) +tf(y) for every x,y € C and every t € [0,1].

o f is strictly concave if that inequality is strict whenever x # y and t € (0, 1).
o fis convex if —f is concave, and strictly convex if —f is strictly concave.

The right-hand side is the height at (1 —t)z + ty of the chord joining the two points (z, f(x))
and (y, f(y)) on the graph, so a concave function lies on or above each of its chords. This is the
global version of bending downward: it compares any two points, not only nearby ones. Strict
concavity additionally forbids the graph from containing a line segment. If ¢ € R™ and b € R,
the affine function f(x) = a-x + b satisfies Definition 2.4 with equality, by the computation (2).
Thus it is both concave and convex, and neither strictly.



T (1—t)z+ty y

Figure 2.2: The chord inequality of Definition 2.4. At each point (1 — t)z + ty of the segment
joining z and y, the graph of a concave function lies on or above the chord joining (z, f(x)) and
(y, f(y)). Here f is strictly concave, but establishing that requires checking the inequality for
every pair of points x # .

Concavity is a statement about the graph. It also imposes structure on the sets of points at
which the function is at least as large as a given level.

Definition 2.5 (Superlevel set). Let C C R”, let f: C' — R, and let o € R. The superlevel set
of f at level «v is

Sa(f) ={z € C: f(x) = a}.

Theorem 2.6 (Superlevel sets of a concave function). If C is convex and f : C' — R is concave,
then Su(f) is convex for every a € R.

Proof. Let x,y € So(f) and t € [0, 1], and put z = (1 — t)z + ty. Convexity of C' puts z in C by
Definition 2.1, and Definition 2.4 gives

)= (A=) f(z)+tf(y) = (1 -ta+ta=a,

the second inequality because f(x) > « and f(y) > a by Definition 2.5. Hence z € So(f). O

2.3 Quasiconcavity

The proof of Theorem 2.6 used concavity only to keep f(z) above «, never to keep it above the
weighted average. Demanding just the conclusion gives a weaker property, and it is the one that
many results actually need.

Definition 2.7 (Quasiconcavity). Let C' C R™ be convex. A function f : C' — R is quasiconcave
if So(f) is convex for every a € R.

In one variable, the convex sets are the intervals, so quasiconcavity requires each superlevel
set to be an interval. Figure 2.3 shows a single-peaked function that passes this test and a
two-peaked function that fails it.

10



(a) quasiconcave (b) not quasiconcave

Figure 2.3: Superlevel sets in one variable. The single-peaked function on the left is quasiconcave:
at each level «, the superlevel set S, (f) is an interval. The two-peaked function on the right
is not: at the level shown, its superlevel set is a union of two disjoint intervals, which is not
convex.

Quasiconcavity can also be stated as an inequality along segments, parallel to Definition 2.4
but with the minimum in place of the weighted average.

Theorem 2.8 (Minimum characterization). Let C C R"™ be convex. A function f: C — R is
quasiconcave if and only if

f((1=t)z +ty) > min{f(z), f(y)} for every x,y € C and every t € [0, 1].

Proof. Convex superlevel sets imply the inequality. Let z,y € C and t € [0,1], and put a =
min{ f(x), f(y)}. Then z,y € So(f) by Definition 2.5, and that set is convex by Definition 2.7,
so (1 —t)x + ty € So(f), which is the inequality.

The inequality implies convex superlevel sets. Fix a and let z,y € S,(f) and t € [0, 1]. Then
(1 —t)z +ty € C by Definition 2.1, and

F((1 =t +ty) > min{f(2), f(y)} = a,
so the point lies in S, (f). O

Concavity implies quasiconcavity, since a weighted average of f(x) and f(y) is at least their
minimum, so Definition 2.4 gives the inequality of Theorem 2.8. The converse fails.

Example 2.9 (Quasiconcave but not concave). Let f : R — R be given by f(z) = 2. Since f
is increasing, each superlevel set is the interval [al/ 3. 00), which is convex, so f is quasiconcave
by Definition 2.7. It is not concave: taking the midpoint of 0 and 2,

f) =1<4=4F(0)+5f(2),
which violates Definition 2.4.

What made Example 2.9 work is that z2 is an increasing relabelling of the values of z, and
quasiconcavity, unlike concavity, survives any such relabelling.

Theorem 2.10 (Increasing transformations). Let C' C R™ be convez, let f : C — R be quasi-
concave, and let ¢ : R — R be nondecreasing. Then @ o f is quasiconcave.

11



Proof. Let x,y € C and t € [0,1]. Applying ¢ to the inequality of Theorem 2.8 preserves it,
because ¢ is nondecreasing, so

(F((1 =Dz +ty)) = p(min{f(), F()}) = min{e(f(2)), ()}

the equality because a nondecreasing ¢ sends the smaller of two numbers to the smaller of their
images. By Theorem 2.8 again, ¢ o f is quasiconcave. O

3 Concavity criteria, global optimality, and separation

3.1 Restriction to line segments

To decide whether a function of n variables is concave, we reduce the question to one variable.
The reduction rests on three results: concavity of f is equivalent to concavity of its restriction
to every line segment of the domain (Lemma 3.1); such a restriction has second derivative
v! Hy(x + tv)v (Theorem 3.2); and a one-variable function is concave exactly when its second
derivative is nonpositive (Lemma 3.3).

Lemma 3.1 (Line-segment restriction). Let U C R™ be convex and let f : U — R. Forx,y € U
letv=y—z and

o(t) = flx +tv), t €[0,1].

Then f is concave if and only if ¢ is concave on [0,1] for every choice of x,y € U, and f is
strictly concave if and only if ¢ is strictly concave for every choice of x,y € U with x # y.

Proof (optional). Concavity of f implies concavity of every ¢. Fix z,y € U and let s,s" € [0, 1]
and t € [0,1]. The point z+ ((1—t)s+ts")v is the convex combination (1—t)(z + sv) +t(z+s'v)
of two points of U, so Definition 2.4 gives

P((1=t)s+ts') = f((1 —t)(z + sv) + t(z + s'v)) = (1 = 1)p(s) + to(s").

Concavity of every ¢ implies concavity of f. Given z,y € U and t € [0, 1], take s = 0 and
s’ =1 above. Since ¢(0) = f(x) and ¢(1) = f(y),

F((A =tz +ty) = o) > (1 —1t)f(x) +tf(y).

For the strict statements, note that = # y makes v # 0, so distinct values of s give distinct
points = + sv; both displays above then hold with strict inequalities under the corresponding
strict hypothesis. O

For a function of one variable, the second derivative tells us whether the graph bends upward
or downward. For a function of several variables, the input can move in many directions, and
the curvature may depend on the direction. We therefore restrict the function to the line z + tv
and study it as a function of the single variable ¢t. Figure 3.1 shows the construction.

12



(a) the segment (b) the restriction
x + tv in the domain o(t) = flx + tv)

Figure 3.1: Restricting f to a line segment. The segment joining = and y in the n-dimensional
domain U C R™ (left) is parameterized as z +tv with v = y — x; along it, the n-variable function
f collapses to the function ¢(t) = f(x +tv) of the single real variable ¢ (right), with ¢(0) = f(x)

and ¢(1) = f(y).

Theorem 3.2 (Directional curvature). Let U C R" be open, let f: U — R be C?, let x € U,
and let v € R"™. Put ¢(t) = f(x + tv) for those t with x +tv € U. Then

&'(t) = Vf(x+tv) v, ¢"(t) = v Hy(x + tv) .
Proof (optional). Define the curve v : R — R"™ by
v(t) =z + to.

Its ith coordinate is the affine function v;(t) = x; + tv;, whose derivative is v}(t) = v;. Therefore
V() =v.

Fix any ¢ such that (¢) € U. Because U is open, there is € > 0 such that B(y(t),e) CU. If
v # 0, then

[v(s) =v@®) = |s = tl|[v]| < e

whenever |s —t| < ¢/||v||. If v =0, then v(s) = y(t) for every s. In either case, f oy is defined
on an open interval containing t. Since ¢ = f oy, the derivative-along-a-curve formula from
Lecture 4 gives

80 =3 L) =3 2L+ s = Vit + ) .
j ! i=1 '

For each i, define g; : U — R by

9i(y) = gi (y)-

Because f is C?, each g; is C' and hence differentiable. Applying the same derivative-along-a-
curve formula to g; o v gives




where the second equality follows from the definition of the Hessian. For every s in the open
interval above, the formula for the first derivative can be written as

= > uilgi o))

Since each v; is constant, differentiating this equality at s =t gives

n
Cb”(t) (% gz 0’7 V; Hf x—i—tv))..vj,
ij
=1

=1 j=1

which equals v H #(z + tv)v by the definition of matrix multiplication. Since t was arbitrary,
both formulas hold for every ¢ in the domain of ¢. O

Thus v' H f(x)v is the second derivative of f along the line through z in direction v: the
Hessian measures curvature one direction at a time, just as the gradient measures slope one
direction at a time. We use this result below to relate the signs of v H(x)v across directions v
to concavity, and in Lecture 6 to derive necessary second-order conditions for a local optimum.

Finally, we state the one-variable second-derivative test.

Lemma 3.3 (One-variable second-derivative test). Let I C R be an interval, and suppose ¢ is
twice continuously differentiable on an open interval containing I. Then ¢ is concave on I if
and only if ¢"(t) <0 for every t € I. If ¢"(t) < 0 for every t € I, then ¢ is strictly concave.

We use this result without proof. The second half of the statement does not reverse: a
strictly concave ¢ may have ¢ = 0 somewhere, as ¢(t) = —t* does at t = 0.
3.2 Tangent and Hessian criteria

The first criterion replaces the chord inequality by a comparison with the tangent plane at one
point.

Theorem 3.4 (Tangent characterization). Let U C R™ be open and convex, and let f : U — R
be differentiable. Then f is concave if and only if

fly) < flx)+Vf(z) (y—x) for every x,y € U. (3)

Proof (optional). Concavity implies (3). Let z,y € U and t € (0,1). By Definition 2.4 applied
to x and v,

flz+tly—a) > (L-t)f(z) +tf(y),
and subtracting f(z) and dividing by ¢ > 0 gives

flz+ty—) — f=z)

As t decreases to zero the left-hand side tends to ¢/(0), where ¢(t) = f(x + t(y — x)), and the
chain rule gives ¢/(0) = Vf(z) - (y — z). The inequality passes to the limit, which is (3).
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(3) implies concavity. Let x,y € U, let t € [0,1], and put z = (1 — t)z + ty, which lies in U
because U is convex. Applying (3) at the point z to each of z and vy,
(@) < f(z) +Vf(z) - (z = 2),
f) < f(2)+ V) (y—2).

Multiply the first by 1 — ¢ and the second by ¢ and add. The gradient terms combine into
Vf(2)-((1—t)z+ty—=z), which is zero by the definition of z, leaving (1—t) f (z)+tf(y) < f(z). O

A differentiable concave function thus lies on or below each of its tangent planes. Note that
the right-hand side of (3) uses the value and gradient of f at the point x only, yet it bounds f
everywhere. Figure 3.2 shows the inequality in one variable.

f(2)+ Vf(@)- (y - )

Figure 3.2: The tangent characterization of Theorem 3.4. The graph of a differentiable concave
function lies on or below the tangent line at x, so the value f(z) + Vf(z) - (y — ) computed
from data at = alone bounds f(y) at every other point y.

The second criterion uses the Hessian. Negative semidefiniteness means that every line
restriction bends downward or remains flat.

Theorem 3.5 (Hessian characterization). Let U C R™ be open and convez, and let f: U — R
be C2.

1. f is concave if and only if Hy(x) is negative semidefinite for every x € U.
2. If Hy(x) is negative definite for every x € U, then f is strictly concave.
The corresponding statements for convexity reverse every sign.

Proof (optional). Negative semidefinite implies concave. Fix xz,y € U, put v = y — z, and let
#(t) = f(x + tv) as in Lemma 3.1. By openness of U, this restriction is C2 on an open interval
containing [0, 1]. By Theorem 3.2, ¢ (t) = v H(x + tv)v, which is at most 0 by Definition 1.7.
So ¢ is concave by Lemma 3.3, and since x and y were arbitrary, f is concave by Lemma 3.1.

Concave implies negative semidefinite. Fix x € U and v € R™. Since U is open, x + tv € U
for every ¢ in some open interval containing 0. The restriction ¢(t) = f(x + tv) is concave by
Lemma 3.1, so Lemma 3.3 gives ¢”(0) < 0. By Theorem 3.2,

¢"(0) = v  Hp(z)v <0.

Since v was arbitrary, Hy(x) is negative semidefinite.
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Negative definite implies strictly concave. Fix distinct z,y € U, put v = y—x, and let ¢(t) =
f(z+tv). The direction v is nonzero, so ¢ (t) < 0 throughout by Theorem 3.2 and Definition 1.7.
Hence Lemma 3.3 makes ¢ strictly concave. Since x and y were arbitrary, Lemma 3.1 makes f
strictly concave. O

Part (2) does not reverse, for the same reason Lemma 3.3 does not: f(x) = —a? is strictly
concave on R while f”(0) = 0. Negative definiteness is sufficient for strict concavity, never
necessary.

3.3 Global optimality and uniqueness

For concave functions, a first-order condition at a single point is sufficient for a global maximum.

Corollary 3.6 (First-order sufficiency). Let U C R™ be open and conver, let C' C U be convet,
and let f : U — R be differentiable and concave. If x* € C' satisfies

Vi) (z—2")<0 for every x € C, (4)
then x* mazimizes f on C. If f is strictly concave, then x* is the only mazximizer.

Proof. For x € C, Theorem 3.4 at the point z* and then (4) give
flx) < () + V@) - (z —a") < f2).

Uniqueness. Suppose f is strictly concave and = # y both maximize f on C, with common
value m. Their midpoint lies in C' by Definition 2.1, and Definition 2.4 gives f(%x + %y) >
%m + %m = m, contradicting that m is the maximum. O

In particular, any x* € C with V f(2*) = 0 satisfies (4). It is therefore a global maximizer of
a concave function, and under strict concavity it is the only one. The more general inequality
(4) also allows z* to lie on the boundary of C', where the gradient need not vanish.

Example 3.7 (Maximizing a strictly concave quadratic). Fix b € R? and v € R with |y| < 2,
and define ¢ : R? — R by
q(x) =b-a — (af + @122 + 23).

Its Hessian has leading principal minors —2 and 4 — v2 > 0, so it is negative definite by Theo-
rem 1.10. Hence q is strictly concave on R? by Theorem 3.5. Setting Vq(z) = 0 gives

2 v\ « 1 2 -y
(’Y 2>x_b’ w x_4—’y2<—7 2)6'

By Corollary 3.6, z* is the unique global maximizer of ¢ over R%2. The first-order equations
produce the candidate; strict concavity is what makes it the answer.

3.4 Separation

We end with a geometric consequence of convexity. Separating hyperplanes place two convex
sets in opposite halfspaces.
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Definition 3.8 (Hyperplane). Let a € R™\ {0} and ¢ € R. The hyperplane with normal a at
level c is
H(a,c)={zeR":a-z=c},

and its two closed halfspaces are {x :a-x < c} and {z:a-z > c}.

Theorem 3.9 (Separating hyperplane). Let A, B C R™ be nonempty, disjoint, and convez.
There exist a # 0 and ¢ € R such that

a-rx<c<a-y for every x € A and every y € B.

We use this result without proof. The two sets lie in opposite closed halfspaces of H(a,c).
The inequalities are weak: the common level ¢ may be approached, or even attained, by points
of the two sets. Figure 3.3 shows the configuration in R2.

H(a,c)

Figure 3.3: A hyperplane separating two disjoint convex sets. Every point of A satisfies a-x < ¢
and every point of B satisfies a -y > c.

Example 3.10 (No gap between the sets). Let A = {x € R? : 29 < 0} and B = {z € R? : 25 >
0}, which are nonempty, disjoint, and convex. Taking a = e2 and ¢ = 0 gives

a-r=x3<0<ys=a-y (x € A, y € B).

Thus the sets are separated by the level 0, but there is no positive gap between their separating
levels: points of A have second coordinate arbitrarily close to 0.

A positive gap therefore requires hypotheses beyond disjointness.
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