Lecture 4: Differential Calculus

1 Functions of one variable

1.1 Definition

Let I C R be an open interval and let f : I — R. If the input moves from xy to zg + h, then
the input changes by h and the value of the function changes by

f(zo+h) — f(zo).

For h # 0, the ratio
f(zo 4+ h) = f(zo)

Y (1)
is the average rate of change between the two points. Geometrically, it is the slope of the line
that goes through (xo, f(z¢)) and (xo + h, f(zo + h)). The derivative is the limiting slope as
h — 0. Thus z is the fixed point at which the derivative is evaluated, while zo+ h is the moving
input.

Definition 1.1 (Derivative). The function f is differentiable at x¢ if there is a € R such that

lim f(zo+h) — f(zo) .
h—0 h

The number a is the derivative of f at xg, written f’(x¢). If f is differentiable at every point of
I, then f’ denotes the derivative function x +— f'(x).

i f(xo + h) — f(xo) / slope f'(zo)

(o + h, f(xo + h))

f f
To zo +h Zo x

Figure 1.1: Left: for h # 0 the difference quotient (1) is the rise f(xg+ h) — f(xo) over the run
h, that is, the slope of the secant line through (xo, f(xo)) and (o + h, f(zo + h)). Right: as
h — 0 the second point slides along the graph toward the first and the secants rotate toward
a single limiting line. Its slope is the derivative f’(xg), and the line itself is the tangent to the

graph at (xo, f(zo))-

We begin with three direct computations of the derivative using the definition.



Example 1.2 (Constant, affine, and quadratic functions). Fix zy € R, and let a,b,c € R.
1. If f(z) = ¢, then [f(zo + h) — f(x0)]/h = 0 for every h # 0, so f'(x¢) = 0.
2. If f(x) = ax + b, then

f(xo+ h) — f(xo) _ a(zg+ h)+b— (axg +b) _
h h ’

so f'(xo) = a. The slope of an affine function is the same at every point.
3. If f(x) = 22, then

B 2 9
f(ﬂﬁo-l-h}z f(xO):(x0+};z) 10 _ 940 4+ h — 2.

Thus f'(z) = 2z. In particular, f'(3) = 6.

1.2 Derivative as a linear approximation

Definition 1.1 has an equivalent form that will extend cleanly to several variables. Because I is
open, f(xog+ h) is defined for every sufficiently small change h, so the limit below makes sense.

Theorem 1.3 (Derivative as a linear approximation). Let I C R be an open interval, let
f:I =R, andlet xo € I. Then f is differentiable at xg if and only if there is a € R such that

. |f(xo+h) — f(wo) —ah| _
) ] =0 )

In that case a is unique, and a = f'(x9).

Proof. The proof relies on two facts. First, for any real-valued function u of h, |u(h)| — 0 if and
only if u(h) — 0 as h — 0 (see Lecture 2). Second, |b/c| = |b|/|c| for all b € R and ¢ € R\ {0}.
We have:

f(zo+h) = f(zo)

f is differentiable at xg <= da € R such that ’llir% Y =a
_)
<= da € R such that lim (f(aco +h) — flwo) - ah) =0.
h—0 h

<= da € R such that lim'ﬂxo +h) — f(wo) —ah =0.

h—0 h
<= da € R such that lim |/ (o + 1) — (o) — ah] =0,

h—0 |h

where the first equivalence is by the definition of differentiability, the second equivalence is by
subtracting a from both sides, the third equivalence is the first fact, and the fourth equivalence
is the second fact. Furthermore, the a in Definition 1.1 is unique and equals f’(z¢), so the a in
(2) is also unique and equals f’(zg).

O]



Setting x = xo + h gives an equivalent moving-point form of (2):

lim |f(z) = f(x0) — a(z — o)

T—x0 |:E — $0|

~0. (3)

In both forms z is fixed. In (2), h — 0; in (3), the input & = 29 + h tends to .

The reason why eq. (2) is called derivative as a linear approximation is as follows. Let
r(h) = f(zo + h) — f(xo) — ah in the numerator of (2). Then, f(xzo+ h) = f(zo) + ah + r(h),
where f(xg)+ah is the linear approzimation of f evaluated at zo+h, while r(h) is the remainder
term. The condition in (2), now written as |r(h)|/|h] — 0 as h — 0 says that the remainder
term is negligible compared to h as h — 0.

Example 1.4 (Reading the derivative from an expansion). Let f : R — R be given by f(x) = 22,
and let g = 3. The function evaluated at xg + h is

6h + h®

9 + .
~— ~~ ~—
f(3)  linear term  r(h)

fB+h)=(B+h)?=

The remainder satisfies

ir(h)] .. |R?
pm S = = pm [kl =0

Therefore the linear coefficient is the derivative: f/(3) = 6.

We now have two ways of calculating derivatives for functions from R to R: the difference-
quotient Definition 1.1 and the linear-expansion method of Theorem 1.3. The latter method is
generalizable to functions of several variables, so we will use it in the next section.

1.3 Properties of differentiability

Theorem 1.5 (Differentiability implies continuity). Let I C R be an open interval, let f: 1 —
R, and let xg € I. If f is differentiable at xg, then f is continuous at xq.

Proof (optional). For h # 0 small enough that xo + h € I,

-+ — o] = i (f( o) = I 0).h>
)_

- <lim St h f($°)> <lim h)
h—0 h h—0
= f'(z0)-0=0,

where the last line uses Definition 1.1. Hence
lim f(zo + h) = f(zo) + lim [f(z0 + h) — f(z0)] = f(z0),
h—0 h—0

which is continuity of f at xg. O

The converse fails: a continuous function need not be differentiable.



Example 1.6 (Continuity without differentiability). Let f : R — R be given by f(z) = |z|. At
the origin, |f(x) — f(0)| = |x| — 0, so f is continuous. But for h # 0, the difference quotient
[f(h) = f(0)]/h = |h|/h equals 1 when h > 0 and —1 when h < 0. It has no limit as h — 0, so
f is not differentiable at 0.

Theorem 1.7 (Rules of differentiation). Let f and g be differentiable at xqy, and let o, 5 € R.
Then

1. (af + Bg)(z0) = af'(xo) + By (x0);
2. (f9)'(zo) = f'(w0)g(z0) + f(w0)g'(z0);

3. if g(xg) # 0, then
f'(@0)g(z0) — f(20)g' (w0)
9(x0)?

(f/9) (o) =

Its proof uses Definition 1.1 and is left as an exercise.

Theorem 1.8 (Chain rule). Let I,J C R be open intervals, let g : I — R satisfy g(I) C J,
and let f : J — R. If g is differentiable at xo € I and f is differentiable at g(x¢), then f o g is
differentiable at xo and

(fog)(x0) = f'(g(x0)) g (x0)-

Proof (optional). Write yo = g(xo). Because J is open, yo + t € J for every sufficiently small ¢,
and for those t define

t —
f(yo +1¢) f(yo)7 L0,
p(t) = ¢
f'(vo), t=0.
By Definition 1.1, p(t) — f'(y0) = »(0) as t — 0, so ¢ is continuous at 0. Multiplying by ¢,
flyo +1) = fyo) =t p(t), (4)

which holds for every t in the domain of ¢, including ¢ = 0.
Next, let h # 0 tend to zero with xg + h € I, and set t = g(xo + h) — g(zp). Since g is
continuous at xg by Theorem 1.5, ¢t — 0, so for every sufficiently small h, (4) reads

f(g(zo + h)) — f(g(z0)) = [g(zo + h) — g(x0)] ¢(g(z0 + h) — g(w0)),
Dividing by h,

f(g(zo + h)li — flg(xo)) _ g(wo+ h})L —9(zo) o (g(x0 + h) — g(x0)).

As h — 0, the first factor tends to ¢’(xg) by Definition 1.1. For the second, ¢ — 0 as noted
above, and ¢ is continuous at 0, so ¢(g(zo + h) — g(z0)) — ¢(0) = f'(yo). Hence

i 4 Y@o 1)) = f(g(x0)) (hm g(wo +h) — g(xo)

h—0 h ~ oo h
= ¢'(z0) f'(yo)-

> (}ngg o(g(xo + h) — g(ﬂﬁo)))



1.4 Useful theorems for functions of one variable

Theorem 1.9 (Interior extremum). Let a < b, let f : [a,b] — R, and let * € (a,b). Suppose f
1s differentiable at z* and that for some ¢ > 0,

f(z®) > f(x) for every x € [a,b] with |z — z*| < e.
Then f'(x*) = 0. The same conclusion holds if instead f(z*) < f(x) for every such x.
Proof (optional). Because x* € (a,b), we have x* + h € [a, b] for every sufficiently small |h|. For
such h with 0 < |h| < e the hypothesis gives f(z* + h) — f(z*) < 0, and dividing by h preserves
the inequality when h > 0 and reverses it when h < 0:
f@* +h) — fa") fa*+h) — f(z)
h h

Since f is differentiable at z*, the two-sided limit of the difference quotient exists, so both
one-sided limits exist and equal f'(x*). Letting h | 0 gives f/(z*) < 0, and letting h 1 0 gives
f(x*) >0, so f'(x*) = 0. For the reversed inequality, apply this to —f. O

>0 ifh<O.

<0 ifh>0,

Theorem 1.10 (Rolle’s theorem). Let a < b and let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b). If f(a) = f(b), then there is ¢ € (a,b) such that f'(c) = 0.
Proof (optional). If f is constant, then f’(c¢) = 0 for every ¢ € (a,b).

Otherwise f(t) # f(a) for some t € [a,b]. Suppose f(t) > f(a). Since [a,b] is compact and

f is continuous, Theorem 3.5 from Lecture 2 gives a maximizer ¢ € [a,b] of f on [a,b]. We thus
have

f(e) = f(t) > f(a) = (D),
in particular, ¢ € (a,b). Then f is differentiable at ¢, and f(c) > f(x) holds for every z € [a, b],
including those z with |z — ¢| < € for some £ > 0. By Theorem 1.9, we conclude that f’(¢) = 0.
If instead f(t) < f(a), run the same argument with ¢ being a minimizer. O

Theorem 1.11 (Mean value theorem). Let a < b and let f : [a,b] — R be continuous on [a,b]
and differentiable on (a,b). Then there is ¢ € (a,b) such that

f(0) = f(a) = (b—a)f'(c).
Proof (optional). Let

o(t) = 1) - fla) - LO=I@

Then g is continuous on [a, b], differentiable on (a,b), and g(a) = ¢g(b) = 0. By Theorem 1.10
there is ¢ € (a,b) with

(t—a), t € la,b].

yielding the result. O

2 Real-valued functions of several variables

In this section, we consider functions from R™ to R. Input vectors are column vectors. We use
x for a generic or moving input and x( for a fixed point at which a derivative is evaluated. Thus
h = x — x¢ is the change from zg to x.



2.1 Partial derivatives

Recall from Lecture 3 that e; is the ith standard basis vector of R™, with 1 in coordinate 7 and
0 in every other coordinate. For a real number ¢, the vector te; has ¢ in coordinate ¢ and 0
elsewhere, and xg + te; adds t to coordinate i of xy while leaving every other coordinate of xg
unchanged.

Definition 2.1 (Partial derivative). Let U C R™ be open, let f : U — R, and let zyp € U. The
ith partial derivative of f at xg, where ¢ € {1,...,n}, is

of o fl@o +tei) — f(2o0)
81‘2‘ (1‘0) - }/gr(l) t

9

provided the limit exists.

This is an ordinary one-variable derivative: hold all variables except x; fixed and differentiate
with respect to x;.

Example 2.2 (A function of two variables). Let f : R? — R be given by

f(zy, z2) = z3zs.
Holding x5 fixed and differentiating in x1, and then reversing their roles, gives

of
(21, 22) = 21129, ——(z1,72) = 23.

ory Oz

2.2 Differentiability and C' functions

Partial derivatives describe a function only along the coordinate lines through a point. Differ-
entiability requires one linear approximation to work for small changes in all directions at once.
A linear map from R" to R has the form h — a - h for some a € R", so a and h, which were
scalars in the one-variable case, are now both vectors.

Definition 2.3 (Differentiability). Let U C R™ be open, let f : U — R, and let g € U. The
function f is differentiable at xq if there is a € R™ such that

L o+ h) — flao) —ahl _,
h—0 ||| ’

where the limit is over h € R™ with h # 0. It is differentiable on U if it is differentiable at every
point of U.

When n = 1, the vector h and the coefficient a are scalars, a - h = ah, and ||h|| = |h|.
Thus Definition 2.3 is exactly the linear-approximation form of the one-variable derivative in
Theorem 1.3. Only the form of the linear term has changed.

Equivalently,

()]
7]

f(zo+h) = f(zo) +a-h+r(h), — 0 ash—0. (5)

The same rule h — a - h must work for every way in which A can approach zero.



Alternatively, set x = xg + h. Then f is differentiable at xg if and only if there is a € R"

such that
@)~ flw) —a- (2 = )]
v (e

=0. (6)
The base point xg is fixed in this limit; x is the moving input.

Definition 2.4 (Gradient). If all partial derivatives of f exist at xq, the gradient of f at xq is
the column vector
Of [0x1(o)

Vf(.%'()) = : € R™
Of |0z (x0)

When f is differentiable, the vector in its linear approximation is exactly the gradient.

Theorem 2.5 (Consequences of differentiability). Let U C R™ be open and let f : U — R be
differentiable at x¢g € U, with vector a as in Definition 2.3. Then every partial derivative of f
exists at xo and

a=V[(zo).

In particular, the vector a is unique. Moreover, f is continuous at xg.
Proof (optional). Fix i and set h = te;. Then ||h|| = |t| and a - b = ta;, so Definition 2.3 gives

|f(zo +te;) — f(wo) — tay

— 0.
]

Equivalently,
f(@o + te;) — f(xo)
t

— a;| — 0,

so the difference quotient tends to a;. Thus the ith partial derivative exists and equals a;.
Repeating the argument for every i gives a = V f(xp), and because the partial derivatives are
defined independently of a, this also proves uniqueness.

For continuity, the Cauchy—Schwarz inequality gives

la -k < |lalllh] — 0,

and

_ ()]

Thus (5) gives f(xo + h) — f(xo). O

|h]| — 0.

Example 2.6 (A linear approximation in two variables). Let f : R?> — R be given by f(x1,z2) =
2219, and let 29 = (1,2) . Expanding around zq gives
flxo+h)=(1+h)*2+ hs)
=2+4hy 4+ ha + (2h% + 2h1ho + h%h2)-
The constant is f(xg) and the linear term is (4,1) - h. If ||h|| < 1, the absolute value of the

remainder is at most
2k |* 4 2|hiha| 4 |h1|*|he| < 5|/R[.



After division by ||k, this bound tends to zero. Thus f is differentiable at o = (1,2) " and

V(zo) = <11> :

The converse of the first claim in Theorem 2.5 is false: partial derivatives can exist without
a valid linear approximation. A convenient condition rules out this problem.

Definition 2.7 (C! function). Let U C R™ be open. A function f : U — R is C! on U, or
continuously differentiable on U, if every partial derivative 0 f/0x; exists on U and is continuous
as a function from U to R.

Theorem 2.8 (C! implies differentiable). If f : U — R is C! on the open set U C R", then f
is differentiable on U and the gradient V f : U — R™ is continuous.

We use this theorem without proof. It provides the usual way to verify differentiability:
compute the partial derivatives and check that they are continuous. In particular, polynomials
are C! on R”, and rational functions are C' wherever their denominators are nonzero.

The implications established in this section are

C' = (differentiable = continuous,

differentiable = all partial derivatives exist.

None of the converses holds in general.
The linear approximation can also be written using differential notation.

Remark 2.9 (Differential notation). If f is differentiable at xg, its differential at ¢ is the linear
map

)
Afso(h) = Vi) h =3 a—g‘;(:co)hi.
i=1 "
Thus dfz,(h) = V f(xo) - h is exactly the linear term in

f(zo+h) = f(zo) + Vf(xo) - h+r(h).

Economics texts often write the same expression as

df=>
i=1

Here dz; labels a coordinate change; it is not the product of a number d and z;. We use the
actual changes h; when applying the differential.

gj (x0) d;.

(2

2.3 Directional derivatives

A partial derivative permits only one coordinate to change. A directional derivative allows the
coordinates to change together in fixed proportions: for v = (v1,...,v,)", varying t traces the
line zg + tv through xg.



Definition 2.10 (Directional derivative). Let U C R™ be open, let f: U — R, and let zg € U.
The directional derivative of f at xg in the direction v € R” is

B f (a0) = lim L0 10) = f(0)

t—0 t

)

provided the limit exists.

Taking v = e; gives the ith partial derivative. We do not require |[v|| = 1, so v specifies both
the relative changes in the coordinates and their scale. When f is differentiable, its gradient
gives every directional derivative.

Theorem 2.11 (Directional derivatives from the gradient). Let U C R™ be open and let f :
U — R be differentiable at xo € U. Then, for every v € R", the directional derivative ezists and

Ouf(x0) =V f(w0) U_Za%

Proof (optional). If v = 0, the difference quotient is zero for every ¢ # 0, so the result holds. If
v # 0, substitute h = tv into (5) and use a = V f(x¢):

f(zo + tv) — f(x0)
t

r(tv)'

= Vf(w()) U+ ;

Moreover,

() Jlr@l

feoll

Taking the limit proves the first equality; the second writes out the inner product coordinate by
coordinate. O

2.4 Steepest increase

To compare directions independently of scale, we restrict v to unit vectors and ask which one
gives the largest directional derivative.

Theorem 2.12 (Steepest increase). Let U C R™ be open, let f : U — R be differentiable at
xo € U, and suppose V f(xg) # 0. Define the unit vector

«_  Vf(xo)
IV f (o)l

Among all unit vectors v € R™, the directional derivative O, f(xg) has its unique mazimum at
*. The corresponding values are

v =v* and its unique minimum at v = —v*.
Ou f(x0) = [[Vf(zo)ll,  O-v-flz0) = = IV f(20)|-

Proof (optional). Write g = V f(zp). For every unit vector v, Theorem 2.11 and the Cauchy—
Schwarz inequality give

Ouf(zo) =g-v <lg-v| <|gllllv]l = llgll-



The unit vector v* = g/||g|| satisfies g - v* = ||g]|, so it attains the bound. If a unit vector v also
attains it, then g - v = ||g|| and

lg = llgllol* = 2llgll (gl = g -v) =0.

Hence v = g/||g|| = v*. Applying the maximum result to —f gives the minimum and its unique
minimizer. O

Thus the gradient points in the direction of steepest increase, and its norm is the largest
rate of increase per unit change. By Theorem 2.11, 9, f(x¢) = 0 exactly when V f(z¢) - v = 0.
In this case, v and V f(zg) are orthogonal. If V f(x¢) = 0, every directional derivative is zero,
so first-order information does not select a direction of increase or decrease.

This result underlies gradient descent, an algorithm used to train many machine-learning
and Al models. If f is the loss function and xj, is the current parameter vector, gradient descent
chooses a step size ap > 0 and updates

Tpr1 = T — oV f(xg).

The negative gradient gives the direction of steepest local decrease, while ay, determines the size
of the step.

3 Vector-valued functions

3.1 Jacobians

A map F : U C R® — R"™ has m outputs. Its linear approximation is therefore a linear map
from R™ to R™, represented by an m X n matrix.

Definition 3.1 (Jacobian). Let U C R™ be open, let F': U — R™, and let 29 € U. The map F
is differentiable at xq if there is an m x n matrix A such that

i (@0 + ) — F(zo) — Ah| _

h—0 Al 0

where the limit is over h € R™ with h # 0. The matrix A is the derivative, or Jacobian, of
F at zg, written DF(xq). If F = (Fy,...,F,)", the scalar-valued maps F; : U — R are the
component functions of F. The map F is C' on U if every component F; is C' on U.

Equivalently,
_ ()
F(xzo+ h) = F(z9) + DF(xo)h + r(h), 2l — 0 ash—0. (7)
The linear term has dimensions
DF(zo)h : (mxn)(nx1)=mx1,

so each row corresponds to an output and each column to an input.
With the moving input = = zg + h, the same definition is

i 1F(@) = F(20) = DF (ao)(z = a0)|

=0 I = ol

~0. 8)

10



Theorem 3.2 (Entries of the Jacobian). The map F : U — R™ is differentiable at z¢ if and
only if every component F; is differentiable at xo. In that case the Jacobian is unique and

oF; o0F;
8761(550) 87%(300)
DF(zo) = : . :
OF,, OF,,
e (o) -+~ O, (7o)

Thus the ith row of DF (z¢) is VF;(zo)".

Proof (optional). Suppose first that F' is differentiable with derivative A, and let r(h) = F(zo+
h) — F(xg) — Ah. Since the absolute value of each coordinate of r(h) is at most ||r(h)]|,

|Fi(zo + h) — Fi(wo) — >0 Aijhyl
—
172
Thus F; is differentiable, and Theorem 2.5 gives
(Az'l, ‘e ,Am)T = VFZ(JZ())

0.

Conversely, suppose each F; is differentiable, and define A = (A4;;) by
OF;
J a.ﬁU] (l‘o)

If r;(h) is the approximation error for component 4, then |r;(h)|/||h|| — 0. Because there are
only finitely many components,

|F(xo + h) — F(xo) — Ahl| B m ri(h) o\ 1/2

=1

Thus F is differentiable with derivative A. The first part identifies every entry of any possible
derivative, so the Jacobian is unique. O

It follows from Theorems 2.8 and 3.2 that every C! map is differentiable.
Example 3.3 (A 2 x 3 Jacobian). Let F : R? — R? be given by
2y
F(x,yvz) - <y+3z> .
Then

2zy 22 0 4 10
DF(xvyaZ) = < Oy 1 3> ’ DF(:’UO) = (O 1 3) at Lo = (1’2?0)T’

The two rows correspond to the two outputs, and the three columns correspond to the inputs
:I/‘, y7 zZ.

For a scalar-valued function f : U — R, the Jacobian is a 1 x n row, whereas the gradient is
an n X 1 column:

Df(x) = V f(zo)". (9)
Consequently, D f(xg)h = V f(xg)-h. The gradient is convenient for geometric statements, while
the Jacobian is convenient for composition. When n = 1, both contain the ordinary derivative

[ (o).

11



3.2 The multivariable chain rule

The one-variable chain rule says that derivatives multiply. The same rule holds for functions
between Euclidean spaces, with matrix multiplication in place of scalar multiplication.

Theorem 3.4 (Chain rule). Let U C R" and V. C R™ be open. Let G : U — R™ satisfy
GWU) CV,and let F : V — RP. If G is differentiable at xo € U and F is differentiable at
G(xg), then F o G is differentiable at z¢ and

D(F 9] G)(m‘o) = DF(G(%’Q)) DG({L‘O).

We use this theorem without proof. Using the row description from Theorem 3.2, the product
is
VFI(G(x0) "\ [VGi(xo)"
D(F o G)(xy) = z ;
VE(G(x0))" ) \VGin(zo)"

~
pXm mxn

The product is p X n, the required size for the derivative of F o G : U — RP. The outer rows
are evaluated at G(zo), while the inner rows are evaluated at zop. When n = m = p = 1, the
formula reduces to the one-variable chain rule.

A useful special case follows a curve through the domain of a real-valued function.

Corollary 3.5 (Derivative along a curve). Let V' C R™ be open, let v: I — V be differentiable
at to € I, where I C R is an open interval, and let f:V — R be differentiable at y(to). Then

m

(f 7Y/ (ta) = VF(x(t0)) -7/ (to) :Z

tO FYZ tO)

Indeed, (9) and the chain rule give Df(y(to))Dv(to) = Vf(v(to)) T (o).

3.3 A worked chain rule

Example 3.6 (A vector-valued composition). Define

1+t
G:R-R, G=| 2 |, F:RSRY F(u,v,w)—(uw2>.
349t v+ w

To find the derivative of F o G at t = 0, compute

1
DG =Gt = [0], DF(u,u,w):Cg (1) 21;)
2

Because G(0) = (1,2,3) ", the chain rule gives

D(F o G)(0) = DF(G(0)) DG(0)
:(g (1) é) g :<152>‘

12



The dimensions are (2 x 3)(3 x 1) = 2 x 1, as required for a map from R to R2.
For a direct check,

[ 345t 42

1+1)(3+ 2t>> = (11 + 12t+4t2) '

_((
(FoG)() = (2+(3+2t)2

Differentiating the components at 0 again gives (5,12) .

13
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